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Coupled pendula with measure Dynamics

The goal of this experiment is to investigate the oscillation behaviour of coupled pendula.

Physics Acoustics Wave Motion

=3 Jele] ® ®

Difficulty level Group size Preparation time Execution time

hard 2 10 minutes 20 minutes
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General information

Application nHUWE

Pendulum oscillations offer a first understanding of
mechanical systems close to the harmonic oscillator, which
is fundamental in the describtion of many physical systems
in fields such as particle physics and solid state physics.

This experiment investigates the behaviour of such a

system using coupled pendula.
Setup
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Other information (1/2) ?HYWE
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Prior The behaviour of a singular pendulum should be known.

knowledge

Main Two identical gravity pendula with a particular characteristic frequency are coupled via
a “soft” spiral spring. The amplitudes of both pendula are recorded as a function of
princip|e time. The coupling factors are determined by way of different methods. Then, the local
points of the oscillation are integrated into the video.
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Other information (2/2) HYWE
Learning The goal of this experiment is to investigate the oscillation behaviour of coupled
objective pendula.

1. Determination of the spring constant of the coupling spring.

2. Determination and adjustment of the characteristic frequency of the uncoupled
pendulum. Determination of the moment of inertia of the pendulum.

3. Graphical representation of the oscillation of the two pendula as a function of time
and determination of the oscillation frequency compared to the theoretical oscillation
frequency for A) the “in phase” oscillation. B) the “antiphase” oscillation. C) the beat
case.
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Theory (1/8)

If two gravity pendula P, and P, with the same characteristic frequency wy are coupled by way of a spring,
the following is true for the torque in the case of the position of rest and in the case of small deflections
due to gravity and due to the spring tension (see Figure 1):

Torque due to gravity:

Mo = mgLsin(®y) ~ mgL®, (1)
Torque due to spring tension:

Mpo = —Drpzolcos(®y) = —Drpzol

Dy Spring constant, z, Elongation of the spring, | coupling strength, m Mass of the pendulum, L Length of
the pendulum, g gravitational acceleration, ®, Angle between the vertical and the position of rest

Theory (2/8) PHYWE
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If P, is deflected by Dy and P, by ®, and if both pendula are released
simultaneously, the following results because of

I =M

I = Moment of inertia of the pendulum around its pivot
I®, = My = —mgL®, + D;I2(®y — &;) (2)

I®y = My = —mgL®; + D% (®y — &)

Following the introduction of the abbreviations

2_mgl 2_DFZ2
wO—TandQ—T (3)
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Theory (3/8)

we obtain the following based on equation (2)
by +wid; = —QX(d, — B1))  (4)

Py + Wi = +0%(®, — 1))

PHYWE
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C) beat case
Q) =P, P =0P — Py =Py

The general solutions of the differential

equations (4) with the initial conditions (5) are:
With, t=0 the following three initial conditions are

successfully realised. A: ®1(t) = ®a(t) = acos(wot)  (6a)

B: ®,(t) = 4 cos(y/wi +20%t) (6b)
By (t) = — B4 cos(y/wp + 20%¢)

A) "in phase" oscillation
<I>1 :(I)Q :@A;cI>1—<I>2:0
B) “antiphase” oscillation

—@1:@2:(1)/1;(1)1—@2:2‘1)

\/
Theory (4/8) nHYWE
W20 —w wWi+20% +w
D (t) = P4 cos ¢~t - cos W~t (60)
W2 420% —wy W2 420% +w
Dy(t) = P4 cos<\/0+ ~t> ~sin<w -t)

Note
A."in phase” oscillation.

Both pendula oscillate in phase and with the same amplitude and frequency w¢. The latter is identical with
the characteristic frequency of the wy uncoupled pendulum.

wg =wo (7a)

5/18

pH“lWE Robert-Bosch-Breite 10 Tel.: 0551 604 - 0 info@phywe.de
excellence in science 37079 Géttingen Fax: 0551 604 - 107 www.phywe.de



. i
P2132580 curriculLAB® | Prvwe

Theory (5/8) il

B. “antiphase” oscillation.

Both pendula oscillate with the same amplitude and
frequency w¢, but with a phase difference of 7. In
accordance with (3), the angular frequency

w=,/wi+20% (7¢)

depends on the length of the pendulum I.

Fig. 1: Diagram indicating the various names
that are used in the context of coupled
pendula.

Theory (6/8) PHYWE

C. Beat case

For a weak coupling, e.g., wo >  the angular frequency of the first factor can be expressed as follows:

,/wg+2927w0 5
;v 2
~ 2&)0 (8a)

w1 = D)

For the angular frequency of the second factor, we get:

1/w2+292+w 5
v T @ (8b)

R wo 5 —

w1 = 2 20

As a result, we obtain the following:

wp < Wy
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Theory (7/8) e

Figure 1 shows the amplitudes ®,(¢) and ®,(t) of both pendula as a function of time for the beat case and for
different coupling lengths. As the coupling factor, we define the ratio

K=—2L_ (9

mgL+Dpl?

From equations (3) and (9) we get

_ @
K= W2 Q2 (10)

The coupling factor K from equation (10) can be calculated based on the frequencies of the individual
oscillation modes. Substituting equations (7a) and (7b) in equation (10) results in

K= Z:Zf (“antiphase” oscillation)  (11)
\/
Theory (8/8) nHUYWE

Substituting equations (8a) and (8b) in equation (10) results in

K =22 (12

w% “+w2

In order to test the influence of the coupling length on the frequencies of the individual oscillations, we
substitute equations (11) and (12) in equation (9). This yields the following for the “antiphase” oscillation:

W2 = 2Dpw?
17 mgL

P+w? (13)

The following results for the beat case:

12 (14)

w1 = Wo 2mgL

and wp = wo g 22 +wo (1)

2m
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Equipment
Position Material Item No. Quantity
1 Pendulum with recorder connection 02816-00 2
2 Helical spring, 3 N/m 02220-00 1
3 Measuring tape, | =2 m 09936-00 1
4 Spring balance,transparent, 1 N 03065-02 1
5 Bench clamp expert 02011-00 2
6 Support rod, stainless steel, 750 mm 02033-00 2
7 Right angle clamp expert 02054-00 4
8 Software "Measure Dynamics", single user 14440-61 1
9 Support rod, stainless steel, 500 mm 02032-00 1
8/18
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Setup and Procedure

Setup and Procedure (1/5)

Prior to starting the measurements, the exact value of the
spring constant Dy of the coupling spring must be
determined. For this purpose, the spring is placed on the
table, fixed on one side and extended at the other side by
means of the dynamometer. In doing so the required
force F can be read off the dynamometer and the
elongation x is measured with the measuring tape. The
spring constant can be easily determined from Hooke’s
law:

°HYWE
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Fig. 2:
Experimental
setup

It is recommended to lengthen the spring by 10cm, 20cm
and 30cm in order to obtain a mean value for the spring
constant Dg.

Robert-Bosch-Breite 10
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Setup and Procedure (2/5) PHYWE
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Set up both pendula without the coupling spring as shown in Figure 2.

In order to cause the pendula to oscillate, touch the rods of the pendula in the upper third with the tips of
your finger and displace them simultaneously in the same or opposite directions until the desired
amplitude is reached. In this way, transverse oscillations can be avoided. In view of the subsequent
experiment, it should be ensured that the pendula oscillate in the same plane.

The videos are used to determine the period of oscillation T_ for each pendulum. The value of the period
of oscillation T of both pendula must be identical. If there are deviations, the lengths of the pendula must
be corrected.

For the experiment with the coupling spring, connect the spring to the two plastic hooks on the pendulum
rods in two positions. These positions must be equidistant from the pivot of the pendulum. Measure the
amplitudes as a function of time with the following initial conditions:

Setup and Procedure (3/5) ?HYWE

excellence in science

o Both pendula are deflected in the same direction with the same amplitude and they are released
simultaneously (“in phase” oscillation).

o Both pendula are deflected with the same amplitude, but in opposite directions (“antiphase” oscillation),
and they are released simultaneously.

o One pendulum remains at rest. The second pendulum is deflected and released (beat case). In this case,
satisfactory results can only be achieved if the pendula are properly re-adjusted during the preparation
phase so that they actually have the same period of oscillation Ty

In all three cases, the oscillations must be recorded for at least one to three minutes. Then, the average
values of the corresponding periods of oscillation can be determined based on the plotted curves.
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Setup and Procedure (4/5) PHYWE

In terms of the video that will be recorded, the following must be taken into consideration concerning the
setting and positioning of the camera:

o Set the number of frames per second to approximately 30 fps.
o Select a light-coloured, homogeneous background.
o Provide additional lighting for the experiment.

o The experiment set-up should be in the centre of the video. To ensure this, position the video camera on
a tripod centrally in front of the experimental setup.

Setup and Procedure (5/5) ?HYWE

excellence in science

o The experiment set-up should fill the video image as completely as possible.
o The optical axis of the camera must be parallel to the experiment set-up.
o For scaling, the length of the pendulum arm must be measured.

Then, the video recording process and the experiment can be started.
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Evaluation

Evaluation (1/12) PHYWE
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Transfer the video to the computer. Then, start “measure Dynamics” and open the video under “File” -
“Open video ...". Mark the length of the spring with the scale that appears in the video by way of “Video
analysis” - “Scaling ..."” - “Calibration” and enter the length of the spring without a load (in this case 14 cm)
into the input window. Next, create three new columns via the table menu line. Enter the mass of the
weights (name: “Mass”, unit: “kg"” or “g") into the first column, the length of the spring (name: “L", unit: “m")
into the second column, and the elongation of the spring (name: “Elongation”, unit: “m”, formula: “L-0.14")
into the third column. Next, open “Measure length” under “Measure”. Then, fast forward the video to the
points where additional weights are suspended from the spring. Enter the mass and determine the length of
the spring in the same line (the scale that appears in the video is laid along the spring) and enter it also.

Select “Display” and “Diagram”, click “Options”, delete all of the already existing graphs, and select the
graphs “Mass"” (horizontal axis) - “Elongation” (vertical axis). This leads to:
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Evaluation (2/12) PHYWE
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Figure 3 shows the linear relationship 2
between the mass and the elongation.

Clicking “Options” in the menu line of
the diagram and selecting the tab
“Linear regression” will add a regression
line to the diagram and the
corresponding function will be displayed
in the menu window. In this case here,
the gradient of the line is 0.2862. This

means that the spring constant Dy is: R B e OO T B T b s 1y AT
2.86 N/m.

Ausdehnung | cm

Fig. 3: Representation of the elongation of the spring as a
function of the mass to which it is subjected.

Evaluation (3/12) PHYWE
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Transfer the video that has been recorded to the computer. Then, start “measure Dynamics” and open the
video under “File” - “Open video ...". Mark the start of the experiment (“Start selection” and “Time zero”) and
the end of the experiment (“End selection”) in the video for further analysis via the menu line above the
video. The experiment begins with the deflection of the pendulum and it ends after several pendulum
oscillations. For this experiment, it is important to ensure that the experiment ends after a specific number
of oscillations. Determine the number of oscillations and read off the time that was needed for these
oscillations.

The following results for pendulum (1):
T, =1.996s

orw =2 =3.151/s
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Evaluation (4/12) PHYWE
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The following results for pendulum (2):
T> = 1.996

orw, = 2T—71T = 3.151/s
This means that the periods of oscillation of the two pendula are identical. If this is not the case, the

pendulum lengths must be corrected for the subsequent experiments until the periods of oscillation are
identical.

Based on equation (3) and the known pendulum mass m = 1 kg of, the following results for the moment of
inertia of the pendulum:

I, = 0.978 kgm?

Evaluation (5/12) PHYWE

excellence in science

(A) the “in phase” oscillation.

Transfer the recorded videos to the computer in the same manner as in task 2 and specify the time zero as
well as the start and end of the experiment. Then, mark the pendulum arm with the scale that appears in the
video by way of “Video analysis” - “Scaling ..."” - “Calibration” and enter the length that has been measured
beforehand into the input window. In addition, enter the frame rate that has been set for the recording

process under “Change frame rate” and position the origin of the system of coordinates in the pivot of the
pendulum under “Origin and direction”.

Turn the system of coordinates by right-clicking so that the x-axis points horizontally to the left. Then, the
actual motion analysis can be started under “Video analysis” - “Automatic analysis” or “Manual analysis”.
For the automatic analysis, we recommend selecting “Motion and colour analysis” on the “Analysis” tab.
Under “Options”, the automatic analysis can be optimised, if necessary, e.g. by changing the sensitivity or by
limiting the detection radius. Then, look for a film position in the video where the object that is to be

analysed is perfectly visible. Click the object. If the system recognises the object, a green rectangle appears
and the analysis can be started by clicking “Start”.
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Evaluation (6/12) PHYWE
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If the automatic analysis does not lead to any satisfying results, the series of measurements can be
corrected under “Manual analysis” by manually marking the object that is to be analysed.

In this experiment, two motions, i.e. the motions of the two pendula, must be analysed in one video. To do
so, we recommend using a separate worksheet for each motion, i.e. for each analysis. You can switch
between the worksheets in the table menu line. First, analyse the motion of the first pendulum, followed by
the analysis of the motion of the second pendulum in a second worksheet. For the second analysis,
however, the position of the origin of the system of coordinates must be changed. Move it into the pivot of
the second pendulum.

Since the pendulum oscillates in a plane, we recommend adding another column to the worksheets via the
table menu line. This new column will hold the angle of deflection @. The column must be named as follows:
Name: “Angle”, unit: “*”, formula: “arctan2(x;y)*360/(2*m)". For the graphical representation, open “Display”
and “Diagram”, click “Options”, delete all of the already existing graphs, select the graphs t (horizontal axis) -
“Angle” (vertical axis) from both worksheets, and click “Add”. This leads to:

Evaluation (7/12) PHYWE
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Fig. 4:
Representation of
the deflection of
both pendula for
the “in phase”
oscillation as a -5
function of time t.
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Figure 5 shows that both pendula
oscillate with the same amplitude and
frequency w,. The y-axis is offset, since
the oscillation is not symmetrical with
regard to the zero position without a
coupling spring. The frequency w is:

Winkel j ©

2 2
wy=2 = 2 —3151/s

This value corresponds to the value of

0 65 145 2 2503 A5 4 45 5 K5 6 &5 7 75 8 a45 9 9.5 10

the characteristic frequency of the t/s
uncoupled pendulum. As a result, the
theory has been confirmed. Fig. 5: Detail of the deflection of both pendula for the “in

phase” oscillation as a function of time t.

Evaluation (9/12) PHYWE
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(B) “antiphase” oscillation

-
o

For the “antiphase” oscillation, the
process is the same as for A). This leads
to:

Winkel | @
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If we look at a smaller detail, the
following results:

........
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Figure 7 shows that both pendula
oscillate with the same amplitude and
frequency w,, but with a phase

difference of .
Fig. 6: Representation of the deflection of both pendula for

the “antiphase” oscillation as a function of time t.
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Evaluation (10/12)

The frequency is:

_2m _  2m
We = 7 = 17395

=3.511/s

Based on equation (13), the theoretical
frequency is:

w, = 3.471/s

As a result, the theory has been
confirmed.

Evaluation (11/12)

(C) beat case

The process for the “beat” case is the
same as for A) and B). This leads to:

If we look at a smaller detail, the
following results:

Figure 9 shows that there are two

oscillations: the to and fro oscillation of
the pendulum with the frequency P; and
the reciprocal transfer of the amplitude

with the frequency w». They are:
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Fig. 7: Detail of the deflection of both pendula for the
“antiphase” oscillation as a function of time t.
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Winkel | @

t/s

Fig. 8: Representation of the deflection of both pendula for
the “beat” case as a function of time t.
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_ 2 2
wi =2 = 2= 0.175 /s

— 2r _ _2m  _
wy =2 = 2 =351 1/s

Based on the equations (8a) and (8b) or
(14) and (15), respectively, the theoretical
frequencies are:

Winkel f ©

w; = 0.1691/s

4 6 8 10 12 14 16 18 20 22 24 26 28 30 32 34 36 38
wy = 3.321/s t/s

The experimental frequency values are

nearly identical with the theoretical Fig. 9: Detail of the deflection of both pendula for the “beat”
calculated values ' case as a function of time t.
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